We investigate theoretically shear banding in large amplitude oscillatory shear (LAOS) of polymeric and wormlike micellar surfactant fluids. In LAOStrain we observe banding at low frequencies and sufficiently high strain rate amplitudes in fluids for which the underlying stationary constitutive curve of shear stress as a function of shear rate is non-monotonic. This is the direct (and relatively trivial) analogue of quasi steady state banding seen in slow strain rate sweeps along the flow curve. At higher frequencies and sufficiently high strain amplitudes we report a different but related phenomenon, which we call 'elastic' shear banding. This is associated with an overshoot in the elastic (Lissajous-Bowditch) curve of stress as a function of strain and we suggest that it might arise rather widely even in fluids that have a monotonic underlying constitutive curve, and so do not show steady state banding if under a steadily applied shear flow. It is analogous to the elastic banding triggered by stress overshoot in a fast shear startup predicted previously in [1], but could be more readily observable experimentally in this oscillatory protocol due to its recurrence in each half cycle. In LAOStress we report shear banding in fluids that shear thin strongly enough to have either a negatively, or weakly positively, sloping region in the underlying constitutive curve, noting again that fluids in the latter category do not display steady state banding in a steadily applied flow. This banding is triggered in each half cycle as the stress magnitude transits the region of weak slope in a upward direction, such that the fluid effectively yields. It is strongly reminiscent of the transient banding predicted previously in step stress [1] . Our numerical calculations are performed in the Rolie-poly model of polymers and wormlike micelles, but we also provide arguments suggesting that our results should apply more widely. Besides banding in the shear strain rate profile, which can be measured by velocimetry, we also predict banding in the shear and normal stress components, measurable by birefringence. As a backdrop to understanding the new results on shear banding in LAOS, we also briefly review earlier work on banding in other time-dependent protocols, focusing in particular on shear startup and step stress.
with layer normals in the flow-gradient direction. For recent reviews, see [2] [3] [4] [5] . Following its early observation in wormlike micellar surfactant solutions [6] , over the past two decades shear banding has been seen in virtually all the major classes of complex fluids and soft solids. Examples include microgels [7] , clays [8] , emulsions [9] foams [10] , lamellar surfactant phases [11] , triblock copolymers [12, 13] , star polymers [14] , and -subject to ongoing controversy [15] [16] [17] [18] [19] [20] [21] -linear polymers.
Prior to about 2010, the majority of studies of shear banding focused on conditions of a steadily applied shear flow. The criterion for the presence of steady state banding in this case is well known: that the underlying homogeneous constitutive curve of shear stress as a function of shear rate has a regime of negative slope. (In some cases of strong concentration coupling shear banding can arise even for a monotonic constitutive curve [22] , but we do not consider that case here.) Such a regime is predicted by the original tube theory of Doi and Edwards for nonbreakable polymers [23] , and by the reptation-reaction model of wormlike micellar surfactants [24] . It is straightforward to show that a state of initially homogeneous shear flow is linearly unstable, in this regime of negative constitutive slope, to the formation of shear bands [25] .
The composite steady state flow curve of shear stress as a function of shear rate then displays a characteristically flat plateau regime, in which shear bands are observed.
From an experimental viewpoint, the evidence for steady state shear banding under a steadily applied shear flow is now overwhelming in the case of wormlike micelles. For reviews, see [26, 27] . For linear unbreakable polymers the issue remains controversial, as recently reviewed in Ref. [28] . In particular the original Doi-Edwards model did not account for a process known as convective constraint release (CCR) [29] [30] [31] . Since CCR (which we describe below) was proposed, there has been an ongoing debate about its efficacy in potentially eliminating the regime of negative constitutive slope and restoring a monotonic constitutive curve, thereby eliminating steady state banding. However, a non-monotonic constitutive curve and associated steady state shear banding has been seen in molecular dynamics simulations of polymers [32] , for long enough chain lengths. It is important to note, though, that the polydispersity that is often present in practice in unbreakable polymers also tends to restore monotonicity.
Besides the conditions of steady state flow just described, many flows of practical importance involve a strong time dependence. In view of this, a natural question to ask is whether shear banding might also arise in these time-dependent flows and, if so, under what conditions. Over the past decade, a body of experimental data has accumulated to indicate that it does indeed occur: in shear startup [7, 8, 17, [33] [34] [35] , following a step strain (in practice a rapid strain ramp) [36] [37] [38] [39] [40] [41] [42] , and following a step stress [15, 34, 35, [42] [43] [44] [45] [46] [47] .
Consistent with this growing body of experimental evidence, theoretical considerations [1, [48] [49] [50] [51] In the last five years progress has been made in establishing theoretically, separately for each of the timedependent flow protocols listed above (shear startup, step strain and step stress), a fluid-universal criterion [1] for the onset of shear banding, based on the shape of the time-dependent rheological response function for the particular protocol in question. We now briefly review these criteria as backdrop to understanding the results that follow below for shear banding in large amplitude oscillatory shear (LAOS).
In shear startup (the switch-on at some time t = 0 of a constant shear rateγ), the onset of banding is closely associated with the presence of an overshoot [1, [48] [49] [50] [51] in the startup signal of stress as a function of time (or equivalently as a function of strain), as it evolves towards its eventual steady state on the material's flow curve. This concept builds on the early insight of Ref. [52] . The resulting bands may, or may not, then persist to steady state, according to whether or not the underlying constitutive curve of stress as a function of strain rate is nonmonotonic. This tendency of a startup overshoot to trigger banding was predicted on the basis of fluid-universal analytical calculations in Ref. [1] , and has been confirmed in numerical simulations of polymeric fluids (polymer solutions, polymer melts and wormlike micelles) [48, 50] , polymer glasses [53] and soft glassy materials (dense emulsions, microgels, foams, etc.) [49, 51, 54] . It is consistent with experimental observations in wormlike micellar surfactants [42, 45] , polymers [15, 17, 34, 35, 37, [55] [56] [57] , carbopol gels [7, 33] and Laponite clay suspensions [8] .
Following the imposition of a step stress in a previously undeformed sample, the onset of shear banding is closely associated with the existence of a regime of simultaneous upward slope and upward curvature in the time-differentiated creep response curve of shear rate as a function of time [1, 4] . This criterion was also predicted on the basis of fluid-universal analytical calculations in Ref. [1] , and has been confirmed in numerical simulations of polymeric fluids [48] and soft glassy materials [4] .
It is consistent with experimental observations in polymers [15, 34, 35, 42, [45] [46] [47] 57] , carbopol microgels [44] and carbon black suspensions [43] .
In the shear startup and step stress experiments just described, the time-dependence is inherently transient in nature: after (typically) several strain units, the system evolves to its eventual steady state on the material's flow curve. In any such protocol, for a fluid with a monotonic constitutive curve that precludes steady state banding, any observation of banding is predicted to be limited to this regime of time-dependence following the inception of the flow. That poses an obvious technical challenge to experimentalists: of imaging the flow with sufficient time-resolution to detect these transient bands. This is particularly true for a polymeric fluid with a relatively fast relaxation spectrum. For soft glassy materials, in contrast, the dynamics are typically much slower and any bands associated with the onset of flow, though technically transient, may persist for a sufficiently long time to be mistaken for the material's ultimate steady state response for any practical purpose [4, 49] .
In the past decade, the rheological community has devoted considerable attention to the of study large amplitude oscillatory shear (LAOS). For a recent review, see Ref. [58] . In this protocol, the applied flow has the form of a sustained oscillation and is therefore perpetually time-dependent, in contrast to the transient timedependence of the shear startup and step stress protocols In practice, of course, LAOS is more complicated than the caricatures just described and the criteria for banding in shear startup and step stress might only be expected to apply in certain limiting regimes. Nonetheless, in what follows we shall show that many of our results for banding in LAOStrain and LAOStress can, to a large extent, be understood within the framework of these existing criteria for the simpler time-dependent protocols.
Experimentally, shear banding has indeed been observed in LAOS: in polymer solutions [16] , dense colloids [59] , and also in wormlike micellar surfactants that are known to shear band in steady state [60] [61] [62] .
From a theoretical viewpoint, several approaches to the interpretation of LAOS data have been put forward in the literature [58] . These include Fourier transform rheology [63] ; measures for quantifying Lissajous-Bowditch curves (defined below) in their elastic representation of stress versus strain, or viscous representation of stress versus strain rate [64] ; a decomposition into characteristic sine, square and triangular wave prototypical response functions [65, 66] ; decomposition into elastic and viscous stress contributions using symmetry arguments [67] ;
Chebyshev series expansions of these elastic and viscous contributions [68] ; and interpretations of the LAOS cycle in terms of a sequence of physical processes [69, 70] .
However, many of these existing theoretical studies assume either explicitly or implicitly that the flow remains homogeneous, and thereby fail to take account of the possibility of shear banding. An early exception can be found in Refs. [71, 72] , which studied a model of wormlike micellar surfactants with a non-monotonic constitutive curve in LAOStrain. Another exception is in the paper of Adams and Olmsted [73] , which recognised that shear banding can arise even in the absence of any nonmonotonicity in the underlying constitutive curve.
The work that follows here builds on the remarkable insight of these early papers, in carrying out a detailed numerical study of shear banding in LAOStrain and LAOStress within the Rolie-poly model [74] of polymers and wormlike micellar surfactant solutions. Consistent with the above discussion, in LAOStrain we observe banding at low frequencies ω → 0 and sufficiently high strain rate amplitudesγ 1/τ in fluids for which the underlying constitutive curve of shear stress as a function of shear rate is non-monotonic. At higher fre-quencies ω = O(1/τ ) and for sufficiently high strain amplitudes γ 1 we instead see 'elastic' shear banding associated with an overshoot in the elastic curve of stress as a function of strain, in close analogy with the elastic banding predicted in a fast shear startup experiment [1, 48, 50, 73] . Importantly, we show that this elastic banding arises robustly even in a wide range of model parameter space for which the underlying constitutive curve is monotonic, precluding steady state banding.
In LAOStress we observe banding in fluids that shear thin sufficiently strongly to have either a negatively, or weakly positively, sloping region in the underlying constitutive curve. We emphasise again that fluids in the latter category do not display steady state banding, and therefore that, for such fluids, the banding predicted in
LAOStress is a direct result of the time-dependence of the applied flow. In this case the banding is triggered in each half cycle as the stress magnitude transits in an upward direction the region of weak slope and the strain rate magnitude increases dramatically such that the material effectively yields. This is strongly reminiscent of the transient banding discussed previously in step stress [1, 48] .
While it would be interesting to interpret our findings within one (or more) of the various mathematical methodologies for analysing LAOS discussed above (and in particular to consider the implications of banding for the presence of higher harmonics in the output rheological time series), in the present manuscript we focus instead on the physical understanding that can be gained by considering the shapes of the signals of stress versus strain or strain rate (in LAOStrain) and strain rate versus time (in LAOStress). In that sense, this work is closest in spirit to the sequence of physical processes (SPP) approach of Refs. [69, 70] (which did not, however, explicitly consider heterogeneous response). In particular, we seek to interpret the emergence of shear banding in LAOS on the basis of the existing criteria for the onset of banding in the simpler time-dependent protocols of shear startup and step stress [1] .
The paper is structured as follows. In Sec. II we introduce the model, flow geometry and protocols to be considered. Sec. III outlines the calculational methods that we shall use. Sec. IV contains a summary of previously derived linear instability criteria for shear banding in steady shear, fast shear startup and step shear stress protocols, with the aim of providing a backdrop to understanding shear banding in oscillatory protocols. In
Secs. V and VI we present our results for LAOStrain and LAOStress respectively, and discuss their potential experimental verification. Finally Sec. VII contains our conclusions and an outlook for future work.
II. MODEL, FLOW GEOMETRY AND PROTOCOLS
We write the stress Σ(r, t) at any time t in a fluid element at position r as the sum of a viscoelastic contribution σ(r, t) from the polymer chains or wormlike micelles, a Newtonian contribution characterised by a viscosity η, and an isotropic contribution with pressure p(r, t):
The Newtonian stress 2ηD(r, t) may arise from the presence of a true solvent, and from any polymeric degrees of freedom considered fast enough not to be ascribed their own viscoelastic dynamics. The symmetric strain rate
is the fluid velocity field.
We consider the zero Reynolds number limit of creeping flow, in which the condition of local force balance requires the stress field Σ(r, t) to be divergence free:
The pressure field p(r, t) is determined by enforcing that the flow remains incompressible:
The viscoelastic stress is then written in terms of a constant elastic modulus G and a tensor W (r, t) characterising the conformation of the polymer chains or wormlike micelles, σ = G (W − I). We take the dynamics of W to be governed by the Rolie-poly (RP) model [74] with bands [76] : without it the shear rate would be discontinuous across the interface, which is unphysical.
Using this model we will consider shear flow between infinite flat parallel plates at y = {0, L}, with the top plate moving in thex direction at speedγ(t)L. We assume translational invariance in the flow directionx and vorticity directionẑ such that the fluid velocity can be written as v = v(y, t)x. The local shear rate at any position y is then given bẏ
and the spatially averaged shear ratė Σ xy (t) = GW xy (y, t) + ηγ(y, t).
For such a flow, the RP model can be written componentwise aṡ
(The other components of W decouple to form a separate equation set, with trivial dynamics.) In the limit of fast chain stretch relaxation τ R → 0 we obtain the simpler 'non-stretching' RP model in which the trace T = 3 anḋ
For convenient shorthand we shall refer to this simpler non-stretching form as the nRP model. We refer to the full 'stretching' model of Eqns. 8 as the sRP model. In what follows we consider the behaviour of the Roliepoly model in the following two flow protocols:
• LAOStrain, with an imposed strain
to which corresponds the strain ratė
• LAOStress, with an imposed stress
The model, flow geometry and protocol just described are characterised by the following parameters: the polymer modulus G, the reptation timescale τ d , the stretch relaxation timescale τ R , the CCR parameters β and δ, the stress diffusivity D, the solvent viscosity η, the gap size L, the frequency ω and the amplitude γ 0 (for LAOStrain) or Σ 0 (for LAOStress). We are free to choose units Following Ref. [74] we set δ = − We explore a wide range of values of the stretch re- 
III. CALCULATION METHODS
In this section we outline the theoretical methods to be used throughout the paper. In order to develop a generalised framework encompassing both the nRP and sRP models, we combine all the relevant dynamical vari- The total shear stress Σ xy = Σ, from which we drop the xy subscript for notational brevity, is then given by
and the viscoelastic constitutive equation has the generalised form
The dimensionality and functional form of Q then specify the particular constitutive model. In this way our gen- Giesekus and Oldroyd B models [79] .
A. Homogeneous base state
For any given applied flow our approach will be first to calculate the fluid's response within the simplifying assumption that the deformation must remain homogeneous across the cell. While this is an artificial (and indeed incorrect) constraint in any regime where shear banding is expected, it nonetheless forms an important starting point for understanding the mechanism by which shear banding sets in. (We also note that most papers in the literature make this assumption throughout, thereby disallowing any possibility of shear banding altogether.)
Within this assumption of homogeneous flow, the response of the system follows as the solution to the set of ordinary differential equationŝ
In these eitherγ(t) orΣ(t) is imposed, in LAOStrain and
LAOStress respectively, and the other dynamical quantities are calculated numerically using an explicit Euler algorithm [80] . We use the 'hat' notation to denote that the state being considered is homogeneous.
B. Linear stability analysis
Having calculated the behaviour of the fluid within the assumption that the flow remains homogeneous, we now proceed to consider whether this homogeneous 'base state' flow will, at any point during an applied oscillatory protocol, be unstable to the formation of shear bands.
To do so we add to the base state, for which we continue to use the hat notation, heterogeneous perturbations of (initially) small amplitude:
Note that the total stress Σ is not subject to heterogeneous perturbations because the constraint of force balance decrees that it must remain uniform across the gap, at least in a planar shear cell. Substituting Eqns. 17 into Eqns. 13 and 14, and expanding in successive powers of the magnitude of the small perturbations δγ n , δs n , we recover at zeroth order Eqns. 15 and 16 for the dynamics of the base state. At first order the heterogeneous perturbations obey 0 = Gp · δs n (t) + ηδγ n (t),
Combining these giveṡ
with
In any regime where the heterogeneity remains small, terms of second order and above can be neglected.
To determine whether at any time t during an imposed oscillatory flow the heterogeneous perturbations δγ n , δs n (t) have positive rate of growth, indicating linear instability of the underlying homogeneous base state to the onset of shear banding, we consider first of all the instantaneous sign of the eigenvalue λ(t) of P (t) that has the largest real part. A positive value of λ(t) is clearly suggestive that heterogeneous perturbations will be instantaneously growing at that time t. We note, however, that the concept of a time-dependent eigenvalue must be treated with caution. In view of this we cross check predictions made on the basis of the eigenvalue by also directly numerically integrating the linearised Eqns. 19
using an explicit Euler algorithm. This allows us to determine unambiguously whether the heterogeneous perturbations will be at any instant growing (taking the system towards a banded state) or decaying (restoring a homogeneous state), at the level of this linear calculation.
In these linear stability calculations we neglect the diffusive term in the viscoelastic constitutive equation, setting D = 0. Reinstating it would simply transform any As a measure of the degree of shear banding at any time t in this nonlinear calculation we report the difference between the maximum and minimum values of the shear rate across the cell: which is the lowest Fourier mode to fit into the simulation cell while still obeying the boundary conditions at the walls.
IV. SHEAR BANDING IN OTHER TIME DEPENDENT PROTOCOLS
As a preamble to presenting our results for shear banding in oscillatory flow protocols in the next two sections below, we first briefly collect together criteria derived in previous work for linear instability to the formation of shear bands in simpler time-dependent protocols: slow shear rate sweep, fast shear startup, and step stress.
A. Slow shear rate sweep
A common experimental protocol consists of slowly sweeping the shear rateγ upwards (or downwards) in order to measure a fluid's (quasi) steady state flow curve.
In this protocol the criterion for linear instability to the onset of shear banding, given a base state of initially homogeneous shear flow, has long been known to be [25] ∂Σ ∂γ < 0.
B. Fast shear startup
Another common experimental protocol consists of taking a sample of fluid that is initially at rest and with any residual stresses well relaxed, then suddenly jumping the strain rate from zero to some constant value such thatγ(t) =γ 0 Θ(t), where Θ(t) is the Heaviside function.
Commonly measured in response to this applied flow is the time-dependent stress signal Σ(t) as it evolves towards its eventual steady state value, for that particular applied shear rate, on the fluid's flow curve. This evolution typically has the form of an initial elastic regime with Σ ≈ Gγ while the strain γ remains small, followed by an overshoot in the stress at a strain of O(1), then a decline to the final steady state stress on the flow curve.
In Ref. [1, 48, 50] we gave evidence that the presence of an overshoot in this stress startup signal is generically indicative of a strong tendency to form shear bands, at least transiently. These bands may, or may not, then persist for as long as the shear remains applied, according to whether or not the underlying constitutive curve of stress as a function of strain rate is non-monotonic.
Such behaviour is to be expected intuitively. Consider a shear startup run performed at a high enough strain rate that the material's response is initially elastic, with the stress startup signal depending only on the accumulated strain γ =γt and not separately on the strain rate γ. The decline in stress following an overshoot in the stress startup signal corresponds to a negative derivative
This clearly has the same form as (22) above, with the strain rate now replaced by the strain. As such it is the criterion that we might intuitively expect for the onset of strain bands in a nonlinear elastic solid, following the early intuition of Ref. [52] In close analogy to this intuitive expectation, for a complex fluid subject to a fast, elastically dominated startup the criterion for the onset of banding was shown in Ref. [1] to be that the stress signal Σ(γ =γt) of the initially homogeneous startup flow obeys Banding associated with startup stress overshoot has also been demonstrated in several numerical studies of soft glassy materials (SGMs) [4, 49, 51] . (The term SGM is used to describe a broad class of materials including foams, emulsions, colloids, surfactant onion phases and microgels, all of which show structural disorder, metastability, a yield stress, and often also rheological ageing below the yield stress.) In these soft glasses, however, it should be noted that the decrease in stress following the startup overshoot arises from increasing plasticity rather than falling elasticity. This makes it more difficult to derive an analytical criterion analogous to (24) . Accordingly the theoretical evidence for shear banding following startup overshoot in these soft glasses, while very convincing, remains primarily numerical to date.
Consistent with these theoretical predictions, experimental observations of banding associated with startup stress overshoot are widespread: in wormlike micellar surfactants [42, 45] , polymers [15, 17, 34, 35, 37, [55] [56] [57] , carbopol gels [7, 33] and Laponite clay suspensions [8] .
Nonetheless, we also note other studies of polymer solutions [20] where stress overshoot is seen without observable banding. It would be particularly interesting to see further experimental work on polymeric fluids to delineate more fully the regimes, for example of entanglement number and degree of polydispersity, in which banding arises with sufficient amplitude to be observed experimentally.
C.
Step stress
Besides the strain-controlled protocols just described, a fluid's rheological behaviour can also be probed under conditions of imposed stress. In a step stress experiment, an initially well relaxed fluid is suddenly subject to the switch-on of a shear stress Σ 0 that is held constant thereafter, such that Σ(t) = Θ(t)Σ 0 . Commonly measured in response to this applied stress is the material's creep curve, γ(t), or the temporal derivative of this,γ(t).
In Ref.
[1] the criterion for linear instability to the formation of shear bands, starting from a state of initially homogeneous creep shear response, was shown to be that
This tells us that shear banding should be expected in microgels [44] and carbon black suspensions [43] .
V. LARGE AMPLITUDE OSCILLATORY STRAIN
We now consider shear banding in the time-dependent strain-imposed oscillatory protocol of LAOStrain. Here a sample of fluid, initially well relaxed at time t = 0, is subject for times t > 0 to a strain of the form
After an initial transient, once many cycles have been executed, the response of the system is expected to attain a state that is time-translationally invariant from cycle to cycle, t → t + 2π/ω. All the results presented below are in this long-time regime, usually for the N = 20th cycle after the flow commenced. The dependence of the stress on the cycle number was carefully studied in wormlike micelles in Ref. [81] .
To characterise any given applied LAOStrain we must clearly specify two quantities: the strain amplitude and the frequency (γ 0 , ω), or alternatively the strain rate am- In contrast for high frequencies ω ≫ 1, to the right of the rightmost dotted line in Fig. 1 , the material's relaxation dynamics cannot keep pace with the applied deformation and we expect elastic-like response.
We illustrate these two limiting regimes by studying the response of the nRP model to an imposed LAOStrain at each of the two locations marked X L and X H in 
For a fluid with a monotonic constitutive curve, no instability is observed at this low frequency (Fig. 3, left) .
The corresponding results for the high frequency run marked X H in Fig. 1 are shown in the right panels of Indeed, following the calculation first set out in Ref. [1] , it is straightforward to show that the condition for a linear instability to banding in this 'elastic' high frequency regime ω ≫ 1 is the same as in fast shear startup:
As already discussed, this gives a window of instability for the nRP model with parameters such that the underlying constitutive curve is monotonic. Here steady state banding is absent in the limit ω → 0. In both Fig. 4 and 5, however, significant banding is observed at high frequencies for a strain amplitude γ 0 > 1: this is the elastic banding associated with the stress overshoot in each half cycle, described in detail above for the (γ 0 , ω) values denoted by X H in Fig. 1 .
It is important to emphasise, therefore, that even a fluid with a purely monotonic constitutive curve, which does not shear band in steady flow, is still nonethe-less capable of showing strong shear banding in a timedependent protocol of high enough frequency (Fig. 5) .
Also important to note is that for a fluid with a non-monotonic constitutive curve the region of steady state 'viscous' banding at low frequencies crosses over smoothly to that of 'elastic' banding as the frequency increases (Fig. 4) .
Corresponding to the degree of banding in the shear rate δγ, as plotted in Figs (Fig. 6a) , and second, in the viscous representation of the (Σ,γ) plane (Fig. 6b) .
Collections of these Lissajous-Bowditch curves on a grid of (γ 0 , ω) values as in Fig. 6 are called Pipkin diagrams.
For the particular LAOStrain run highlighted by a thicker box in Fig. 6 , a detailed portrait of the system's dynamics is shown in Fig. 8 rial being unloaded will shear backwards. As the overall applied strain increases towards the end of the window of instability, the flow heterogeneity gradually decays away.
This process repeats in each half cycle (with the obvious sign reversals in the part of the cycle in which the strain is decreasing).
The corresponding Pipkin diagram for a fluid with a monotonic constitutive curve (Fig. 7) likewise confirms its counterpart linear diagram in Fig. 5 . Here 'viscous'
banding is absent at low frequencies, because the fluid is not capable of steady state banding. Crucially, however, a strong effect of elastic banding is still seen at high frequencies. A detailed portrait of the system's dynamics in this elastic regime, for the strain rate amplitude and frequency marked by the thicker box in Fig. 7 , is shown in Fig. 9 . As can be seen, it shows similar features to those just described in Fig. 8 . 
VI. LARGE AMPLITUDE OSCILLATORY STRESS
We now consider the time-dependent stress-imposed oscillatory protocol of LAOStress. Here the sample is subject for times t > 0 to a stress of the form
characterised by the frequency ω and stress amplitude stable to the formation of shear bands is then that the time-differentiated creep response curveγ(t) obeys [1] :
Therefore, shear banding is expected in any regime where the time-differentiated creep curve simultaneously slopes up and curves upwards; or instead simultaneously slopes down and curves downwards.
Having been derived within the assumption of an imposed stress that is constant in time, criterion (31) would not a priori be expected to hold for the case of LAOStress. Nonetheless it might reasonably be expected to apply, to good approximation, in any regime of a LAOStress experiment where a separation of timescales arises such that the shear rateγ(t) evolves on a much shorter timescale than the stress. In this case, from the We start in Fig. 13 by considering the nRP model in a parameter regime for which the underlying constitutive curve is non-monotonic (see the dotted line in the left panel), such that shear banding would be expected under conditions of a steadily applied shear rate. With the backdrop of this constitutive curve we consider a LAOStress run at low frequency ω → 0. For definiteness we will focus on the part of the cycle where the stress is positive, but analogous remarks will apply to the other half of the cycle, with appropriate changes of sign.
Consider first the regime in which the stress is slowly increased from 0 towards its maximum value Σ 0 . In this part of the cycle, at the low frequencies of interest here, we expect the system to initially follow the high viscosity branch of the constitutive curve. In any experiment for which the final stress Σ 0 exceeds the local maximum in the constitutive curve, the system must at some stage during this increasing-stress part of the cycle transit from the high to low viscosity branch of the constitutive curve.
This transition is indeed seen in Fig. 13 : it occurs via "top jumping" from the stress maximum across to the low viscosity branch. Conversely, on the downward part of the sweep as the stress decreases from its maximum value Σ 0 , the system initially follows the low viscosity branch until it eventually jumps back to the high vis- Likewise, during the rapid transition back from the low to high viscosity branch, we find a regime in which the shear rate signal simultaneously slopes down and curves down.
As seen from the colourscale, the eigenvalue is also posi- With that in mind, we show in Fig. 14 This can be seen for the run highlighted by the thicker box in Fig. 18 , of which a detailed portrait is shown in imposes the restrictionγτ R ≪ 1. We now turn to the sRP model to consider the effects of finite chain stretch in experiments where this restriction is not met. In LAOStrain at higher frequencies we report banding not only in the case of a non-monotonic constitutive curve, but also over a large region of parameter space for which the constitutive curve is monotonic and so precludes steady state banding. We emphasise that this is an intrinsically time-dependent banding phenomenon that would be absent under steady state conditions, and we interpret it as the counterpart of the 'elastic' banding predicted recently in the context of shear startup experiments at high strain rates [1] .
In LAOStress we report shear banding in those regimes of parameter space for which the underlying constitutive curve is either negatively or weakly positively sloping. In this case, the bands form during the process of yielding associated with the dramatic increase in shear rate that arises during that part of the cycle in which the stress magnitude transits the regime of weak constitutive slope in an upward direction. Although the banding that we observe here is dramatically apparent during those yielding events, these events are nonetheless confined to a relatively small part of the stress cycle as a whole and would therefore need careful focus to be resolved exper- However, one obvious shortcoming to this approach of taking only a very small initial seed is that it tends to suppress the nucleation events that are, in a real experimental situation, likely to trigger banding even before the regime of true linear instability [83] , particularly in low frequency runs. It would therefore be interesting in future work to study the effect of a finite temperature with particular regard to the nucleation kinetics to which it would give rise.
The calculations performed in this work all assumed from the outset that spatial structure develops only in the flow gradient direction, imposing upfront translational invariance in the flow and vorticity directions. We defer to future work a study of whether, besides the basic shear banding instabilities predicted here, secondary instabilities [84] of the interface between the bands [85, 86] or of the high shear band itself [87] will have time to form in any given regime of amplitude and frequency space.
We have ignored throughout the effects of spatial variations in the concentration field. However, it is well known that in a viscoelastic solution heterogeneities in the flow field, and in particular in the normal stresses, can couple to the dynamics of concentration fluctuations via a positive feedback mechanism that enhances the tendency to form shear bands [22, [88] [89] [90] [91] . In the calculations per- for example, in Ref. [93] ), from samples that band in steady state to those above the dynamical critical point, which don't.
